We study transnormal spherical partial tubes about transnormal submanifolds in Euclidean spaces. We put a necessary condition on the radius of the spherical type fibre so that such partial tubes are embeddings. We calculate radii of particular transnormal spherical partial tubes, which are embeddings of a torus in R 4 .
Introduction and basic definitions
Throughout this paper M will denote a compact, connected, smooth (C ∞ ) m-manifold without boundary and f : M −→ R n will be a smooth embedding of M into the Euclidean n-space. For each p ∈ M, let ν(p) denote the affine (n − m)-plane which is normal to f (M) at f (p). The total space of the normal bundle is N = {(p, x) ∈ M × R n : f (p) + x ∈ ν(p)} and we let Σ denote the set of singularities of the endpoint map η : N −→ R n defined by η(p, x) = f (p)+x. Let P ⊂ N be a smooth subbundle of N with type fibre S, where S is a compact smooth submanifold of R n−m , P∩Σ = ∅ and P is invariant under parallel transport of normals along any curve in M. Then P is a compact smooth manifold and h ≡ η|P : P −→ R n is a smooth immersion called a partial tube about f [4] . Since P is compact, if P lies in a sufficiently small neighbourhood of the zero section of N , then h : P −→ R n is an embedding. The embedding f : M −→ R n is said to be transnormal if for all p, q ∈ M, f (q) ∈ ν(p) implies ν(q) = ν(p). We also say that f (M) is a transnormal submanifold of R n . The idea of transnormality was introduced by S.A.Robertson in [5] and more discussed in [6] . The set ϕ(p) = ν(p) ∩ f (M) is called the generating frame at p. It can be shown that, for all p, q ∈ M, ϕ(p) is isometric to ϕ(q) [5] . If the number of elements of ϕ(p) is r, then f is said to be r-transnormal . Moreover, as M is compact, r should be even [6] . See [7] for a survey article.
Transnormal partial tubes
In this section we give a brief summary of the previous work on transnormal partial tubes. As mentioned in the introduction, the idea of a partial tube firstly appeared in [4] , even though an equivalent idea was considered by B.Wegner in [9] while he was studying self parallel and transnormal curves. He started with a 2-transnormal embedding f of S 1 in R 4 given by
The image of f lies on a sphere and the generating frame at t is {f (t), f(t+π)}. Then ν ϕ (t) is the radial normal line {sf (t) : s ∈ R}. The normal holonomy map of this curve is a rotation, by an angle depending on R, around the radial normal. If n is a normal to f , perpendicular to the radial normal and with sufficiently small length, then the orbit of n, under the normal holonomy group, is a transnormal curve parallel to f , say h(t) = f (t)+n(t). For any positive integer r, R can be chosen so that h is 2r-transnormal. This 2r-transnormal curve can be thought of as a partial tube with type fibre {h(0), h(2π), . . . , h(2(r − 1)π)}, the set of vertices of a regular r-gon. In [1] K.Al-Banawi and S.Carter gave descriptions for the generating frames of such curves.
The construction of transnormal partial tubes was done by K.Al-Banawi and S.Carter in [2] as a generalization of Wegner's examples by taking the type fibre of the partial tube to be a compact connected transnormal submanifold with dimension ≥ 1 as follows.
Suppose that f : M −→ R n is an r-transnormal embedding and for
Then N ϕ is invariant under the normal holonomy [8] , and hence so is N . Let h : P −→ R n be an embedding as a partial tube about f , where P is a subbundle of N . For p ∈ M, S p will denote the image of the fibre of P at p, so 
Then h has translaional symmetry since if q ∈ ϕ f (p), then ν f (q) is parallel to ν f (p) as both are orthogonal to ν
Definition 2 Let h be a spherical partial tube about f . Then the radius of h is the radius of the (k − 1)-sphere bundle over f .
The next corollary is a direct consequence of Theorems 1,2. 
The aim is to deduce the condition on such that h is an embedding. The evaluation will be at the point (p, q) which is omitted for simplicity. Now for i = 1, . . . , m,
Let Γ(f ) be the first fundamental form of f , and let Π ν l (f ) be the second fundamental form of f in the direction of ν l . Then for
where A ν l is the shape operator. Thus,
Also for i, j = 1, . . . , k − 1,
Thus, the matrix Γ(h) is 
Proof:
Since the map h is one to one, its domain is compact and its image is in a Hausdorff space, the partial tube h is an embedding iff h is an immersion iff Γ(h) is non-singular. 
Some examples
We take f as a 2-transnormal embedding whose image is a curve in R 1+1+2 . Thus, m = 1 corresponds to the unit tangent ν 0 , d = 1 corresponds to the parallel unit normal ν 1 , and k = 2 corresponds to the unit normals ν 2 , ν 3 . If the curve is parametrized by t, then a circle of radius will be centred at f (t) in the plane spanned by ν 2 (t), ν 3 (t). Thus, the spherical partial tube has the form h(t, s) = f (t) + ν 2 (t) cos s + ν 3 (t) sin s. 
.
